ABSTRACT A direct approach for explicitly determining the perpendicular mean free path of solar energetic particles (SEPs) influenced by parallel diffusion and composite dynamical turbulence in a spatially varying magnetic field is presented. As theoretical applications of the direct approach, we investigate the inherent relations between the perpendicular mean free path and various parameters concerning physical properties of SEPs as well as those of interplanetary conditions such as the solar wind and the turbulent magnetic field. Comparisons of the perpendicular mean free paths with and without adiabatic focusing are also presented. The direct method shows encouraging agreement with spacecraft observations, suggesting it is a reliable and useful tool for use in theoretical investigations and space weather forecasting.
INTRODUCTION
The diffusion behavior of charged energetic particles in a turbulent magnetic field is a fundamental problem of longstanding importance in astrophysics, heliophysics, and plasma physics. Achieving a better understanding of this problem is essential for studying the modulation of galactic cosmic rays, the transport of solar energetic particles (SEPs), the diffusive shock acceleration of charged particles, and plasma experiments and controlled fusion in laboratories. The diffusion mechanism of charged energetic particles consists of two components, namely, parallel and perpendicular diffusion along and across the mean magnetic field, respectively. Parallel diffusion plays an obviously significant role in the transport processes of charged energetic particles, so it has been extensively studied (e.g., Jokipii 1966; Bieber et al. 1994; Teufel & Schlickeiser 2002; Shalchi 2011; He & Wan 2012) . However, the perpendicular diffusion of charged energetic particles has been an ambiguous problem in astrophysics and space physics for a very long time and is not very well understood.
The importance of perpendicular diffusion has become increasingly well known in cosmic ray astrophysics and in the community of SEPs. As we know, charged energetic particles in the galactic disk need to cross magnetic field lines to escape the galaxy and cosmic rays from interstellar space need to cross heliospheric magnetic field lines to enter the inner heliosphere (Giacalone 1998) . However, according to the quasi-linear theory for cosmic ray diffusion (Jokipii 1966) , a perpendicular diffusion coefficient is usually much smaller than a parallel diffusion coefficient in weak magnetic turbulence. Therefore, the perpendicular diffusion coefficient was usually ignored in previous studies of the transport of cosmic rays in interplanetary space. Recently, Dwyer et al. (1997) and Zhang et al. (2003) reported that perpendicular diffusion could be comparable to parallel diffusion. In addition, several theories considering the nonlinear effects of magnetic turbulence have been developed to account for simulation and observational results (e.g., Matthaeus et al. 2003; Shalchi et al. 2004b; Bieber et al. 2004 ). Furthermore, found that perpendicular diffusion plays a very significant role in the transport of SEPs, especially when an observer is not directly connected to the acceleration region by heliospheric magnetic field lines. In the sense of perpendicular diffusion, some interesting phenomena such as a particle reservoir, east-west azimuthal asymmetry in time profiles of SEPs, and a counterstreaming particle beam were explained or reproduced with complete model calculations of SEP transport in a three-dimensional interplanetary magnetic field with the effects of turbulence (Zhang et al. 2009; Qin et al. 2011) .
The parallel and perpendicular mean free paths, determined by the physical properties of charged energetic particles as well as those of the solar wind, are parameters in space physics crucial for studying the transport process and space-time evolution of SEPs in the heliosphere, especially for space weather research. In space weather forecasting, it is necessary to find a quick approach to obtaining the parallel and perpendicular mean free paths of SEPs for an impulsive or gradual solar event and, therefore, to predict the transport process and space-time evolution of SEPs in interplanetary space. Motivated by Shalchi (2011 ), recently, He & Wan (2012 provided a direct method for quickly determining the parallel mean free path of SEPs with a magnetic adiabatic focusing effect. This direct method sheds light on the development of a quick approach to determining the perpendicular mean free path of SEPs in a turbulent and spatially varying magnetic field.
In this paper, we present a direct approach, which shows very good agreement with the observational results, to explicitly determine the perpendicular mean free path of SEPs with adiabatic focusing. With this direct approach, we investigate some very interesting inherent relations between the perpendicular mean free path and various parameters concerning the physical properties of SEPs as well as those of interplanetary conditions such as the solar wind and the turbulent magnetic field. Comparisons of the perpendicular mean free paths with and without adiabatic focusing are also presented. Specifically, in Section 2, we present a direct approach for determining the perpendicular mean free path of SEPs in the turbulent and spatially varying interplanetary magnetic field. Based on this direct approach, Section 3 discusses the inherent relations between the perpendicular mean free path and various parameters concerning the physical properties of SEPs and the solar wind. In Section 4, we present two examples for comparison to show the excellent agreement between the predictions of the direct method and spacecraft observations. A summary of our results will be provided in Section 5.
DIRECT APPROACH TO DETERMINING THE PERPENDICULAR MEAN FREE PATH OF SEPs
Motivated by Shalchi (2011) , He & Wan (2012) presented a direct method for determining the parallel mean free path of SEPs with an adiabatic focusing effect in the Parker spiral magnetic field. The formulation of the direct method is as follows:
In Equation (1), λ ,0 is the parallel mean free path without an adiabatic focusing effect, and can be written as
where D is expressed as
This isotropic form of pitch-angle diffusion, which is derived in the strong turbulence limit, can also be applicable for intermediate strong turbulence, which may be found in the heliosphere and in the interstellar magnetic field (Shalchi 2011) . Even for relatively weak turbulence, the approach presented in this work, which is based on the isotropic form of pitch-angle diffusion, can also provide a reasonably good approximation of the mean free path of SEPs (see . In Equation (3), q is the inertial range spectral index, C(q) is the normalization function, v is the particle velocity, l slab is the slab bendover scale, R is the dimensionless rigidity of particles, δB is the strength of the turbulent magnetic field, and B is the strength of the mean magnetic field. Specifically, C(q) could be written as
R may be expressed by the unperturbed Larmor radius R L of the particle and the slab bendover scale as
where m is the particle mass, q c is the particle charge, and B is the strength of the spatially varying mean magnetic field and may be written as
In Equation (6), B 0 is a constant chosen to be 3.54 nT AU 2 characterizing the solar magnetic field, V is the solar wind speed, Ω is the angular rotation velocity of the Sun, and r and θ are the coordinates of a heliocentric spherical polar coordinate system (r, θ, φ), i.e., r is the radial distance from the center of the Sun, and θ is the co-latitude measured from the rotation axis of the Sun. For the derivation of a diffusion coefficient in transport theory, it is often assumed that the coefficient is independent of spatial position and then for realistic investigations and applications, a spatial dependence is allowed. Although Equation (1) is derived with the assumption of a constant adiabatic focusing length, this approximation result of the parallel mean free path is valid for a spatially dependent adiabatic focusing length without too large a variation in magnitude. In Equation (1), the adiabatic focusing length L of the spatially varying mean magnetic field can be written as (He & Wan 2012 )
As we can see, this method uses a direct analytical formula as a composite function of the physical parameters corresponding to realistic properties of SEPs and interplanetary conditions such as the solar wind and a turbulent magnetic field. Therefore, from a theoretical point of view, the method is reliable and is computationally tractable with a simple mathematical form. In He & Wan (2012) , the authors demonstrated that the results of the direct method are consistent with the results from spacecraft observations and numerical simulations in previous investigations. Matthaeus et al. (2003) has proposed a nonlinear guiding center (NLGC) theory for the perpendicular diffusion of charged particles to account for the results from the numerical simulations of test particles. Shalchi et al. (2004a) presented analytical forms for the results from this theory, and accordingly, Burger et al. (2008) used the perpendicular diffusion coefficient as
where a is a constant chosen to be 1/ √ 3 according to numerical simulations (Matthaeus et al. 2003) , l 2D and δB 2 2D are the bendover scale and the variance of the two-dimensional component of the turbulence, respectively, and κ is the parallel diffusion coefficient. Other relevant parameters used are explained in the text after Equation (3). We recast the parallel and perpendicular diffusion coefficients, κ and κ ⊥ , in terms of the parallel and perpendicular mean free paths, λ and λ ⊥ , through the relations
and
Consequently, we obtain an analytical description of the perpendicular mean free path of charged particles as
According to the NLGC theory (Matthaeus et al. 2003) , the perpendicular mean free path of charged particles is solely determined by the parallel mean free path and the geometry and features of the turbulent magnetic field, i.e., the parallel mean free path is the only property of the particle uniquely required to determine the perpendicular mean free path (Bieber et al. 2004) . In terms of the parallel mean free path of SEPs determined with the direct method presented in He & Wan (2012) , we can explicitly specify and investigate the spatially dependent perpendicular mean free path. Specifically, in the heliosphere, by combining Equation (11) with Equations (1), (2), and (7), we can directly and quickly determine the perpendicular mean free path of SEPs with adiabatic focusing. In the following section, some interesting theoretical applications of the direct approach will be presented. We will visualize the results of the perpendicular mean free paths of SEPs with and without adiabatic focusing. Note that we employ a composite magnetic turbulence geometry, i.e., a slab/two-dimensional model, which is believed to be consistent with solar wind observations (Bieber et al. 1996) .
PARAMETER INVESTIGATIONS WITH THE DIRECT APPROACH
In the following figures, the solid and dotted curves indicate the results of the perpendicular mean free paths of SEPs with and without adiabatic focusing, respectively. In each figure, the upper and lower panels show the perpendicular mean free path and its ratio to the parallel mean free path, respectively, as a function of the relevant physical parameter. All the parameters used in the current paper are explained in Table 1 . The physical parameter that is investigated in a figure will vary within the values of the variable range, meanwhile, the rest of the relevant parameters in the table are chosen to be the typical values. Additionally, we typically use the inertial range spectral index q = 5/3 corresponding to the value suggested by Kolmogorov (1941) in the pitch-angle diffusion coefficient. In the current work, we present the results of the perpendicular mean free path of protons. Figure 1 shows the perpendicular mean free path and its ratio to the parallel mean free path as a function of the radial distance from the center of the Sun in the heliosphere. To our knowledge, this is the first time that the radial dependence of the perpendicular mean free paths of SEPs has been explicitly and directly investigated. From the upper panel of Figure 1 , we can see that the perpendicular mean free path either with or without adiabatic focusing steadily increases with increasing radial distance through the entire range from 0.05 to 50 AU. The difference between the perpendicular mean free paths with and without adiabatic focusing is significant in the inner heliosphere, i.e., when radial distance r 1 AU. Specifically, the perpendicular mean free path without adiabatic focusing is larger than that with adiabatic focusing. However, this difference decreases with increasing radial distance. When r 1 AU, the difference is negligible. Therefore, this indicates that the adiabatic focusing effect is very significant in the perpendicular transport of SEPs near the Sun; while in the outer heliosphere, the adiabatic focusing effect is not very important. In the lower panel of Figure 1 , the ratio of the perpendicular to the parallel mean free path either with or without adiabatic focusing steadily decreases from 1% or a few percent to nearly two permillage with increasing radial distance through the entire range from 0.05 to 50 AU. In addition, in the inner heliosphere, namely, r 1 AU, the ratio with adiabatic focusing is obviously larger than that without adiabatic focusing. Nevertheless, when r 1 AU, the ratios with and without adiabatic focusing are almost the same.
We model the radial dependence of the perpendicular mean free path and its ratio to the parallel mean free path with a power-law λ ⊥ (r) ∝ r b and λ ⊥ (r)/λ (r) ∝ r b , respectively. We find that in the inner heliosphere, b ≈ 0.29 and b ≈ 0.21 for the perpendicular mean free paths with and without adiabatic focusing, respectively; in the outer heliosphere, b ≈ 0.11 for the perpendicular mean free paths both with and without adiabatic focusing. For the ratio of the perpendicular to the parallel mean free path in the inner heliosphere, b ≈ −0.58 and b ≈ −0.41 corresponding to the cases with and without adiabatic focusing, respectively, while in the outer heliosphere, the ratios with and without adiabatic focusing have almost the same power index, namely, b ≈ −0.22. Figure 2 displays the perpendicular mean free path and its ratio to the parallel mean free path as a function of the co-latitude θ , which is measured from the rotation axis of the Sun. From the upper panel of Figure 2 , we can see that the perpendicular mean free path without adiabatic focusing is larger than that with adiabatic focusing across the entire range from 0
• to 180
• . In addition, the perpendicular mean free path without adiabatic focusing decreases with the co-latitude until θ = 90
• where it minimizes, and then increases with the co-latitude θ . However, the perpendicular mean free path with adiabatic focusing does not vary significantly with the co-latitude θ . In the lower panel of Figure 2 , the ratio of the perpendicular to the parallel mean free path without adiabatic focusing increases with the co-latitude until θ = 90
• where it peaks, and then decreases with the colatitude θ . Similar to the perpendicular mean free path with adiabatic focusing in the upper panel, we can see that the ratio of the perpendicular to the parallel mean free path with adiabatic focusing does not vary significantly with the co-latitude θ . Additionally, the ratio with adiabatic focusing is larger than that without adiabatic focusing across the entire range from 0
• . Figure 3 depicts the perpendicular mean free path and its ratio to the parallel mean free path as a function of the solar wind speed V. From the upper panel of Figure 3 , we can see that the perpendicular mean free path without adiabatic focusing is larger than that with adiabatic focusing across the entire range from 200 to 1000 km s −1 . With increasing solar wind speed, the difference increases between the perpendicular mean free paths with and without adiabatic focusing. This indicates that the adiabatic focusing effect is more considerable when SEPs are transported in the solar wind with higher speed (He & Wan 2012) . In the lower panel of Figure 3 , the ratio of the perpendicular to the parallel mean free path either with or without adiabatic focusing decreases with the solar wind speed V, especially when V 600 km s −1 . In addition, the ratio with adiabatic focusing is larger than that without adiabatic focusing through the entire range of the solar wind speed V from 200 to 1000 km s −1 . The turbulence strength dependence of the perpendicular mean free path is a very interesting and important topic in the community, and it was previously investigated (e.g., Shalchi 2005) . Figure 4 presents the perpendicular mean free path and its ratio to the parallel mean free path as a function of the magnetic field turbulence strength δB/B. As we can see in the upper panel of Figure 4 , the perpendicular mean free path either with or without adiabatic focusing monotonously increases with increasing magnetic field turbulence strength across the entire range from 0.05 to 100, which is in contrast to the behavior of the parallel mean free paths (see He & Wan 2012) . The reason may be that an increase in turbulence strength decreases the parallel mean free path as a result of more intense resonant scattering, and it increases the perpendicular mean free path as a result of the increased rate of field line diffusion (Bieber et al. 2004 ). In addition, when the turbulence strength δB/B 0.5, the perpendicular mean free path without adiabatic focusing is evidently larger than that with adiabatic focusing; however, when δB/B 0.5, the perpendicular mean free paths with and without adiabatic focusing are almost the same. This suggests that the adiabatic focusing effect is more important when SEPs transport in the weaker turbulence.
There are influential reports that the ratio λ ⊥ /λ is occasionally very large, in some circumstances, even approaching or exceeding unity (Dwyer et al. 1997; Zhang et al. 2003) . From the lower panel of Figure 4 , we can see that the ratios of the perpendicular to the parallel mean free path with and without adiabatic focusing are almost the same through the entire range of the turbulence strength δB/B, and they steadily increase from nearly 0 to a very large value. Specifically, when the turbulence strength δB/B 1.0, the ratios increase very slowly, whereas when δB/B 1.0, the ratios increase more sharply with increasing turbulence strength. Under the typical conditions of physical parameters we set above, in the panel one can see that the transit regime where λ ⊥ exceeds λ is δB/B ≈ 2.34. When δB/B > 2.34, the perpendicular mean free path becomes increasingly larger than the parallel mean free path with turbulence strength. Therefore, we can explain the influential reports that the ratio of the perpendicular to the parallel mean free path can exceed unity and is occasionally very large (Dwyer et al. 1997; Zhang et al. 2003) . Figure 5 shows the perpendicular mean free path and its ratio to the parallel mean free path as a function of the ratio δB are the energies in the slab and two-dimensional turbulence components, respectively. As shown in the upper panel of Figure 5 , the perpendicular mean free path either with or without adiabatic focusing steadily but gradually decreases with increasing ratio δB 2 slab /δB 2 at the beginning. While when δB 2 slab /δB 2 0.2, the perpendicular mean free paths decrease dramatically, especially when δB 2 slab /δB 2 → 1, the perpendicular mean free paths reach a very small value approaching 0. Additionally, across the entire range of the ratio δB 2 slab /δB 2 , the perpendicular mean free path without adiabatic focusing is a little larger than that with adiabatic focusing. The ratios λ ⊥ /λ with and without adiabatic focusing in the lower panel of Figure 5 behave similarly to the perpendicular mean free paths in the upper panel. Note that the ratio λ ⊥ /λ with adiabatic focusing is a little larger than that without adiabatic focusing, which is somewhat in contrast to the scenario of the perpendicular mean free paths λ ⊥ in the upper panel. On the whole, from Figure 5 we can draw an interesting conclusion that the perpendicular mean free path is primarily controlled by the two-dimensional contribution of the power spectrum in the slab/two-dimensional composite turbulence geometry, which is consistent with the results in Shalchi et al. (2004a) . Figure 6 displays the perpendicular mean free path and its ratio to the parallel mean free path as a function of the slab bendover scale l slab . From the upper panel of Figure 6 , we can see that the perpendicular mean free path either with or without adiabatic focusing steadily increases with increasing slab bendover scale l slab . In addition, the perpendicular mean free path without adiabatic focusing is larger than that with adiabatic focusing through the entire range from 0 to 0.5 AU, and the difference between the perpendicular mean free paths with and without adiabatic focusing steadily increases with the slab bendover scale l slab . As shown in the lower panel of Figure 6 , at first the ratio λ ⊥ /λ either with or without adiabatic focusing increases abruptly, then steadily and gradually increases with the slab bendover scale l slab across the entire range. Moreover, the ratio λ ⊥ /λ with adiabatic focusing is larger than that without, and with increasing l slab , the difference between them steadily increases. Figure 7 depicts the perpendicular mean free path and its ratio to the parallel mean free path as a function of the ratio l 2D /l slab of the two-dimensional to the slab bendover scale. In the upper panel of Figure 7 , the perpendicular mean free path either with or without adiabatic focusing steadily increases with increasing ratio l 2D /l slab through the entire range from 0.01 to 1. Meanwhile, the perpendicular mean free path without adiabatic focusing is a little larger than that with adiabatic focusing. From the lower panel of Figure 7 , we can see that the ratio λ ⊥ /λ either with or without adiabatic focusing steadily increases from one permillage to about 2% with the ratio l 2D /l slab across the entire range. In the meantime, the ratio with adiabatic focusing is a little larger than that without adiabatic focusing. Note that the difference between the ratios with and without adiabatic focusing increases very gradually with the ratio l 2D /l slab .
The rigidity dependence of the perpendicular mean free path and its ratio to the parallel mean free path is a very important and intriguing topic in the community and it has been investigated by a number of authors (e.g., Giacalone 1998; Matthaeus et al. 2003; Shalchi et al. 2004a; Bieber et al. 2004) . Figure 8 presents the perpendicular mean free path and its ratio to the parallel mean free path as a function of particle rigidity. As one can see in the upper panel of Figure 8 , the perpendicular mean free path either with or without adiabatic focusing increases with increasing particle rigidity across the entire range from 3.5 to 50,000 MV. Meanwhile, the perpendicular mean free path without adiabatic focusing is larger than that with adiabatic focusing. The difference between them increases with particle rigidity. Specifically, when the particle rigidity P 200 MV, the difference between the perpendicular mean free paths with and without adiabatic focusing is negligible; however, when the particle rigidity P 200 MV, the difference between them increases gradually with particle rigidity. This implies that for the SEPs with higher energy, the adiabatic focusing effect is more considerable in their perpendicular transport processes. Compared with the rigidity dependence of the parallel mean free path presented in He & Wan (2012) , the rigidity dependence of the perpendicular mean free path showed here is relatively weak, which is consistent with the result in Bieber et al. (2004) . In the lower panel of Figure 8 , we can see that the lower rigidity protons have the largest λ ⊥ /λ ratios, which agrees with the finding in Bieber et al. (2004) . Furthermore, the ratio λ ⊥ /λ either with or without adiabatic focusing steadily decreases with the particle rigidity through the entire range. Generally speaking, the numerical simulation results of κ ⊥ /κ from the right panel Figure 9 . Top: perpendicular mean free path at 1 AU from the direct approach (curve) in comparison with observational determinations (circles) from Ulysses measurements of Galactic protons (Burger et al. 2000) . Middle: the parallel mean free path utilized in calculating the perpendicular mean free path. Bottom: the ratio of the perpendicular to the parallel mean free path.
of Figure 4 in Giacalone (1998) actually showed a similar rigidity dependence. Additionally, when the particle rigidity P 200 MV, the ratios λ ⊥ /λ with and without adiabatic focusing are almost the same, whereas when the particle rigidity P 200 MV, the ratio λ ⊥ /λ with adiabatic focusing is larger than that without, and the difference between them steadily increases with the particle rigidity.
DIRECT METHOD MEAN FREE PATHS IN COMPARISON WITH OBSERVATIONS
In this section, we compare the predictions of the direct method for Galactic protons and solar energetic protons with selected mean free paths determined from spacecraft observations. Two examples are shown below. As we will see, the direct method shows remarkable agreement with the observational determinations of the mean free paths.
The first is the comparison of the perpendicular mean free paths predicted by the direct approach and those derived from Ulysses measurements of Galactic protons (adopted from Burger et al. 2000) . For the theoretical model presented in Section 2, we use magnetic field turbulence parameters representative of the solar wind conditions at 1 AU: V = 400 km s −1 , δB 2 2D = 46.2 nT 2 , δB 2 slab = 11.55 nT 2 , B = 5.0 nT, l slab = 0.049 AU, l 2D = 0.18 l slab = 0.00882 AU, and q = 5/3. Note that the turbulence energy in the two-dimensional and slab modes is in the ratio 80:20, which is believed to be consistent with solar wind observations (Bieber et al. 1996) . Figure 9 shows the comparison results. As we can see in the top panel, the prediction of the direct approach displays excellent agreement with the perpendicular mean free paths determined from the Ulysses observations of Galactic protons (Burger et al. 2000) . The rigidity dependence of the perpendicular mean free paths derived from either the theoretical prediction or spacecraft observation is relatively flat. The parallel mean free paths we use to calculate the perpendicular mean free paths are depicted in the middle panel, and the curve is indeed compatible with the observational determinations for λ reported by Dröge (2000) . In the bottom panel, one can see that the ratio λ ⊥ /λ remains in the range 0.1-0.6 for the Galactic protons with rigidity between 100 MV and 200 GV. Additionally, λ ⊥ /λ monotonously decreases with increasing particle rigidity across the entire range.
The second example is the SEP event of 1978 April 11, which was previously investigated by some authors (e.g., Valdés-Galicia et al. 1988; Bieber et al. 1994; Giacalone 1998 ). This SEP event was observed by Helios 2, which was located at heliocentric radial distance r = 0.49 AU and co-latitude θ = 96.
• 3 when the energetic particles arrived. For the theoretical model, we use magnetic field turbulence parameters representative of the solar wind conditions in the inner heliosphere according to spacecraft measurements during this SEP event: V = 400 km s −1 , δB 2 2D = 164.56 nT 2 , δB 2 slab = 41.14 nT 2 , B = 16.39 nT, l slab = 0.03 AU, l 2D = 0.1 l slab = 0.003 AU, and q = 5/3. The ratio of the turbulence energy in the twodimensional and slab modes is 80:20. Figure 10 presents the comparison of the mean free paths predicted by the direct method and those determined from the Helios 2 observations of this SEP event. The observational determination results of the parallel mean free paths are adopted from Valdés-Galicia et al. (1988) . From the top panel of Figure 10 , we can see that the prediction of the theoretical model shows essentially perfect agreement with the observational results. Using the determined λ , we could utilize the direct approach to further specify the λ ⊥ and λ ⊥ /λ , which are displayed in the middle and bottom panel, respectively. As one can see, the λ ⊥ shows a relatively weak rigidity dependence, and the ratio λ ⊥ /λ monotonously decreases with the particle rigidity and spans a variation range of 0.03-0.2 for solar energetic protons with rigidity between 10 MV and 10 GV.
SUMMARY AND CONCLUSION
As demonstrated in , perpendicular diffusion plays a very important role in the transport of SEPs. However, thus far there is no explicit and direct description of the spatially dependent perpendicular diffusion coefficient, which is very significant in theoretical investigations and realistic applications, for instance, in space weather forecasting. In light of the results in He & Wan (2012) , we present a direct approach in the current paper, showing very good agreement with spacecraft observations, to explicitly and quickly determine the spatially dependent perpendicular mean free path of SEPs with adiabatic focusing. Since all of the quantities used in the direct method can be directly observed by spacecraft, this direct approach would be a very helpful and practical tool in space weather research. On the basis of this direct approach, the inherent relations between the perpendicular mean free path and various physical parameters corresponding to the realistic properties of SEPs as well as those of interplanetary conditions such as the solar wind and the turbulent magnetic field are investigated. In particular, we explicitly obtain the radial dependence of the perpendicular mean free path and its ratio to the parallel mean free path of SEPs with adiabatic focusing for the first time, to our knowledge. The main conclusions of our results, in the present paper, are as follows.
1. The direct method, whose predictions show excellent agreement with the observational results, can be applied with a high level of confidence to quickly determine the parallel radial and perpendicular mean free paths of charged energetic particles including SEPs in the turbulent and spatially varying interplanetary magnetic field. 2. The perpendicular mean free path λ ⊥ of SEPs increases with heliocentric radial distance; however, the ratio λ ⊥ /λ of the perpendicular to the parallel mean free path decreases with heliocentric radial distance. Specifically, in the typical parameter regimes, λ ⊥ (r) ∝ r 0.29 and λ ⊥ (r)/λ (r) ∝ r −0.58 in the inner heliosphere; λ ⊥ (r) ∝ r 0.11 and λ ⊥ (r)/λ (r) ∝ r −0.22 in the outer heliosphere. 3. In the inner heliosphere, especially near the Sun, adiabatic focusing plays a considerable role in the perpendicular transport of SEPs. In general, adiabatic focusing decreases the perpendicular mean free path λ ⊥ of SEPs and increases the ratio λ ⊥ /λ of the perpendicular to the parallel mean free path. However, in the outer heliosphere, the effect of adiabatic focusing on the perpendicular diffusion is significantly reduced.
4. The perpendicular mean free path λ ⊥ of SEPs steadily but weakly increases with particle rigidity. However, the ratio λ ⊥ /λ of the perpendicular to the parallel mean free path monotonously but weakly decreases with particle rigidity. 5. The strength and topology of the magnetic turbulence have strong influences on the perpendicular mean free path. Further, the perpendicular mean free path is mainly controlled by the two-dimensional portion of the slab/twodimensional composite turbulence geometry. 6. In contrast to the results showing that the parallel mean free path λ steadily decreases with the magnetic turbulence strength δB/B (e.g., Shalchi 2005; He & Wan 2012) , the perpendicular mean free path λ ⊥ steadily and gradually increases with the magnetic turbulence strength δB/B. Consequently, the ratio λ ⊥ /λ steadily increases with the magnetic turbulence strength δB/B, and the increasing magnitude becomes ever larger. 7. Generally, for physical conditions representative of the solar wind and the turbulent magnetic field, the ratio λ ⊥ /λ of the perpendicular to the parallel mean free path is in the range 0.01-0.20. However, when the turbulence strength δB/B is sufficiently large, the ratio λ ⊥ /λ would approach or exceed unity. In the typical physical parameter regimes for 100 MeV protons, the critical value of the turbulence strength δB/B is about 2.34, beyond which the perpendicular mean free path λ ⊥ becomes increasingly larger than the parallel mean free path λ . 8. The perpendicular mean free path λ ⊥ of SEPs depends on the physical properties of SEPs and interplanetary conditions as the parallel mean free path does (He & Wan 2012) . Therefore, to more accurately simulate the perpendicular transport processes of SEPs in the heliosphere, we suggest utilizing the spatially dependent perpendicular mean free path λ ⊥ (r) with adiabatic focusing presented in this work. The direct approach to determining the perpendicular mean free path λ ⊥ of SEPs provided in the current paper is a reliable and useful tool in theoretical investigations and space weather practice. In the future, we will employ this direct approach to explicitly and quickly determine the perpendicular mean free path λ ⊥ of SEPs with adiabatic focusing and try to apply it to investigate the perpendicular transport of SEPs in the heliosphere for both impulsive and gradual SEP events.
